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Functional Equations for Path Integrals
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We consider the density matrices that arise in the statistical mechanics of the
electron—phonon systems. In the path integral representation the phonon coordi-
nates can be eliminated. This leads to an action that depends on pairs of points
on a path, that depends explicitly on time differences, and that contains the
phonon occupation numbers. The integral is reduced to a standard form by
scaling to the thermal length. We use the technique of integration by parts and
add specially chosen generating functionals to the action. We set down func-
tional derivative equations for the source-dependent-density matrix and for the
mass operator. This allows us to develop a series of approximations for the
operator in terms of exact propagators. The crudest approximation is a coherent
potential approximation applicable at a general temperature.

KEY WORDS: Path integral; electron-phonon interaction; functional
equations.

1. INTRODUCTION

Our concern is with electron—phonon problems, where the interaction is
linear in the coordinates describing the phonons. We use the Feynman path
integral representation of the amplitudes. It is possible to eliminate the
phonon degrees of freedom. The reduced electron propagator contains an
action that depends on the path positions at two times x{u) and x(u’). It
also depends explicitly on the time difference |u — |, a feature that stems
from the inertial lag of the ions from which the phonons are constructed.
The effective action depends on the state of the phonons, and the simplest
case is the ground state to ground state phonon amplitude. There is also a
“Euclidean” form of this expression in which one replaces the time by
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B = it, and obtains the corresponding multitime Wiener integral. Here 8 is
not a physical inverse temperature. We will continue to speak of a “time”
and an “action” in the Wiener integral case.

Wiener integrals of this type also occur when one considers the
equilibrium statistical mechanics of the electron phonon system at a finite
physical inverse temperature . Starting from the path integral representa-
tion of the density matrix of the system as a whole, one can again integrate
over the phonon paths. The result is the reduced electron density matrix. It
has an action with the same multitime type of dependence on the electron
paths. There is, however, an additional 8 dependence arising from the
thermal occupation numbers of the phonons, including separate emission
and adsorption terms.

This is well known and has been explained in detail in the books of
Feynman and Hibbs'" and Feynman.? There are a number of advantages
in using a representation where the phonon coordinates have been exactly
eliminated. If the original Lagrangian has a coupling constant g, the
expansion of the reduced density matrix goes in powers of g2, In addition
the thermal occupation numbers of the phonons appear directly, and
correctly, in every order of the expansion. Furthermore, there is a variety of
ideas and techniques that are specific to the path integral representation
and are non-Hamiltonian in nature. One of these ideas is the use of
nontrivial trial actions to define an unperturbed problem. Examples are the
mean path action and the quadratic action used by Feynman in his polaron
theory. A second idea is the semiclassical approximation scheme® that
results from expanding about classical paths in the parameter space.
Another, closely related method is the theory of the asymptotic expansions
of Wiener integrals.(*"® Techniques are also available to find successively
more accurate lower and upper bounds to Wiener integrals. We have
summarized and extended some of these techniques in a series of recent
papers.(? :

On the other hand there are some cases where the direct use of the
path integral is awkward. For example, one is frequently interested in the
complex wave number and energy-dependent mass operator X(k|s) in
order to display the spectral properties of the system and to compute
dispersion and damping of excitations. One can compute the mass operator
by “hand cranking.” This involves expanding the exponential and comput-
ing the spatial Fourier and temporal Laplace transforms. One can then
match the series to the equation that defines the mass operator. This gives
g(k | 5) as a series in g2 in terms of the bare propagators. To do better, one
has to sum infinite classes of diagrams.

There are other situations in which the direct use of the path integral is
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awkward. For example, even in simple potential theory with delta function,
shell, or hard core potentials, the evaluation of the integral involves tours
de force (cf. the work of E. Lieb,® where, however, interesting results are
derived). It is much easier to retreat to the Schrédinger equation or the
Bloch equation for the density matrix, using Feynman-Kac equivalence.
One then works with standard eigenfunction methods. This equivalence is
" easily proved from the starting point of the path integral, by using an
integration by parts technique. This immediately yields the integral equa-
tion form of the Bloch equation. In the potential problem the mass operator
is simply the local, energy-independent potential itself. When the starting
point is the phonon-eliminated Wiener integral for the reduced electron
density matrix, the integration by parts technique allows one to write down
an infinite hierarchy for correlation functions. This hierarchy is the analog
of the Bloch equation of the potential problem. Successive truncations of
the equations of the hierarchy allow one to avoid the “hand cranking” of
the simple expansion. One automatically obtains expressions for the mass
operator. It is easy to find the coupling constant expansion and some
limited nonperturbative extensions. However, these results are in terms of
the bare propagators.

An elegant way of deriving this hierarchy is to add a generating action
to the original action. The Bloch equation is replaced by a functional
derivative equation. This corresponds to the standard Schwinger ap-
proach’® to quantum field theory. However, in order to use this approach
on the phonon-eliminated action, one must invent nonstandard generating
actions. This is the focus of the present paper. It is then easy to find a
functional equation for the source-dependent mass operator and to find a
new hierarchy that involves exact propagators.

The phonon-eliminated action has mainly been used to calculate the
path integral from the space-time viewpoint. Examples are cumulant expan-
sions,'? trial action theories, etc., as mentioned above. The connection
with field theory methods, e.g., vertex functions, mass operators, and so
forth, has not been examined carefully. To be sure, field theory has been
extensively applied to the original coupled field Lagrangian, but this does
not make real use of the advantage of the phonon-eliminated action.

There is very early work by Puff and Whitfield'? on a Green’s
function formulation starting with the equations of motion for the coupled
fields. They eliminate low-order phonon Green’s functions and then make
truncations. However, this was not carried very far. There is also interesting
more recent work by Peeters and Devreese!’? on equation of motion
techniques, where again one can eliminate phonon degrees of freedom.
There is also a very recent paper by Kholodenko and Freed® on the
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direct approach to the mass generator in terms of bare propagators. We feel
that the generating function theory for the phonon eliminated action that
we present here is a more powerful and systematic approach in the same
direction.

To make clearer what we mean, we summarize our recently published
work¥ on a closely related problem. This is the multiple scattering of an
clectron by a system of scatterers with random, uncorrelated positions.
Edwards and Gulyaev(!> showed that the averaging over site positions in
the path integral leads to a multitime action for the electron Green’s
function. In the limit of weak dense scatterers, this becomes a simpler
two-time functional, without explicit time dependence. The relation is that
of a Poisson to a Gaussian process.

This problem had already been studied by Edwards('® and also by
Klauder,'” using field theoretic ideas, but not path integrals. They intro-
duced mass operators, summed classes of diagrams, and developed coher-
ent potential approximations. There has been considerable development
along these field theoretical lines, especially in the Gaussian limit. In
particular Tatarski,"® Furutsu,("” and Chow®*” used the method of
functional derivatives to formulate the theory and extend it to compute
higher correlations.

The novel aspect of our work was to start from the Edwards—-Gulyaev
path integral for the Poisson process. We introduced a generating action
that was specific to the Poisson process, and was different from the
standard generator. It produced the bare atomic scattering matrices di-
rectly. In this way it was possible to treat strong scattering exactly, without
infinite summations, as had been necessary in the Edwards and the
Klauder work. From this point on, the standard field theory machinery was
set in motion. A density expansion was obtained for the mass operator,
both in terms of bare and exact propagators, and in terms of bare and
medium scattering matrices. The functional derivative method was used to
derive a new hierarchy, and it was shown that nonperturbative truncations
were natural.

This work utilized one of the strong points of the path integral
representation, namely, the ability to do the site averaging exactly ab initio.
We built a bridge to field theoretic approaches that are most succinctly
expressed in equations for functional derivatives. The bridge used a specifi-
cally adapted nonstandard generator.

We do a similar thing here for the electron-phonon problems. The
phonon-eliminated actions are simpler than the Edwards—Gulyaev (Pois-
son) action in that they depend on only pairs of path points. But they are
more complicated in another way, namely, that there is explicit time
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dependence. This again requires us to invent suitable generating actions,
and we find that this can be done in several ways.

In Section 2 we introduce the actions that will be analyzed, and reduce
the path integrals to a standard form by scaling to the thermal de Broglie
length. A new “time” parameter is then introduced. We discuss why this
procedure is necessary for actions that contain thermal weighting factors.

In Section 3 we describe the method of obtaining functional derivative
equations for the path integrals. The initial case that is treated is the
time-independent, nonthermal, Gaussian random potential action. Then
the stardard generating functional is appropriate and the functional equa-
tion is already known. It, however, allows us to introduce the integration by
parts technique that is used in everything that follows. Next we discuss the
time-dependent, but ground-state polaron problem, i.e., electron-optical
phonon interaction. There are at least two nonstandard generators, and one
of them is analyzed in detail. We then proceed to write down a generator
and a functional equation for the polaron with thermally averaged
phonons. Finally we do the same thing for the general, thermal, single
branch, electron—phonon action.

In Section 4, the functional equation for the Laplace transform 7(s) of
the source-dependent path integral it (t) is studied. The focus is on a set of
correlation functions which are defined as the functional derivatives of I(s)
evaluated in the limit of vanishing source strength. The correlation func-
tions are linked in an infinite hierarchy of equations that involve the free
electron density matrix or “bare propagator.” The hierarchy can be used to
derive the temperature-dependent mass operator for the general electron—
phonon problem as a series in the coupling constant. It can also be
truncated to find closed operator equations for the lowest-order correlation
function. We show that this equation can be solved to a better approxima-
tion than straightforward iteration by introducing “screened” propagators.
The screening is equivalent to including an infinite class of diagrams.

In Section 5, we derive the functional derivative equations for the
source-dependent mass operator Z,. We consider a set of correlation
functions which are the values of the functional derivatives evaluated in the
limit of vanishing source strength. The correlation functions are linked in
an infinite hierarchy of equations, each of which involves the exact density
matrix or “propagator.” In all of the cases there is natural sequence of
approximations. The crudest one is a generalized “coherent potential”
approximation involving a self-consistent equation for the mass operator. It
applies to the density matrix at arbitrary temperatures.

The next approximation results in a linear operator equation for the
first correlation function. It yields a mass operator that is accurate to the
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second power of the interaction and is in terms of the exact propagators.
The equation can be solved exactly when the spatial interaction is a
one-dimensional delta function. The result is equivalent to the sum of an
infinite class of diagrams involving exact propagators.

In Section 6 we briefly describe the theory based on a second type of
generating functional. It is actually simpler to derive the bare propagator
theory with the resulting functional equation. However, the functional
equation for the source-dependent mass operator is more complicated. It
appears easier to develop the exact propagator expansions with the first
generating functional. '

2. REDUCTION TO A STANDARD FORM

For the Gaussian random potential problem, the averaged action is
h=m=1) :

CRIF(B)R = [ “Dypxexp[4'(B)]
A’=%j{;ﬁfoﬁf[x(u)~x(u’)}dudu’ (2.1

Dgx = .@Bxexp{— %j{;ﬁ(%)zdu}

The covariance function f(x) is characterized by a strength and a
length. The path integral depends only on R = R, — R,, in virtue of the
translation invariance of A4’.

From #( 8) we obtain the spectral density and density of states per unit
volume by inverse Laplace transforms. Thus,

n(k|E)= 5‘%J;C_t;wdﬁeBEdeeikR<er"(,8)!0> (2.2)
M) = g [T OB (23)

We will concentrate on finding (R|#( 8)]|0>.
One can scale the path integral in units of the thermal de Broglie

wavelength \/E . Thus introduce
ywy=x@w/B., ov=u/B  {=R/B (2.4)

and rename the dummy variables y and v as x and u. Then

CRIF(BHOY = (1/B)"*1p(1)|0) (2:5)
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Here

<§|ﬁ(t)[0>=f0§D1xexp[A(t)] (2.6)

A1) = %fo’fo‘w[x(u) — x(u)] dud’ @.7)

We call the integral that results from making the shift of the upper
limit of B to unity by de Broglie scaling, the standard form. We will study
A(?) for general ¢, and set £ = 1 at the end of the analysis. For the Gaussian
random potential problem S is not a physical inverse temperature. We first
compute the time-averaged Green’s function and interpret B as i times the
time.

For the thermodynamic polaron problem one starts the density matrix
for the combined electron—phonon system at an inverse temperature f.
After integrating over the optical phonon coordinates, one finds the two
time action 4'( B):

e~wo|u—u’| + e—woﬁe+w0|u—u'|

a1 BB |
A(B)_—fggj(; J;) |x(u) — x(u)] ] — ¢~ “oB du du

(2.8)

7

Here gj is a coupling constant, and w, is the angular frequency of the
optical mode.
After scaling to the thermal length, we study

A(t)y= %LILIIW[x(u) - x(u’)]a]e‘““’[“*“/‘dudu’da (2.9)
Here
Wx|a)=W(x|Dd(a— 1)+ W(x|-1)d(a+1)
W(x|1)= |g7|(1 ~e !
(2.10)
W(x|—-1y=W(x|l)e
w = Puy, g2=g(2)183/2

For the general, single-branch, thermal phonon problem, with a spec-
trum wy(k), after eliminating the phonon coordinates, one is left with an
action A’( B):

—wo( k) ju—w| + e—‘Bwo(k)e+wo(k)l“_“’|
1 — o—Poolh)

A(B) = %fdk f-'(k)eik-[x(u)——x(u’)] e

(2.11)
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It suffices to study the scaled form

=1 7 L k(@) = x(u) ], = (R Ju = | C 12
A1) 2ffdkdaW(k|a)f0f0e e dudy' (2.12)
Here

W(k|a)y=W(k|Dd(a—1)+ W(k|-1Dd(a+1)

w(k) = Beo(k/VB)
(2.13)

W(k|1)= B(z‘d/z’f(—k—)[l —emeth] ™
VB

W(k|—1)= W(k|1)e ®

We now explain why scaling to the thermal length is important.
Associated with ({|p(¢)|0 is the Laplace transform

(& p(5)[0) =f0°°dze-ﬂ<§|ﬁ(t)|o> (2.14)
with the inverse
R _ _1— c+in st
KIB(OI0y = 5 fc_iw ds e |o(5)|0) (2.15)
We will also use the spatial Fourier transform pair

(k| 5) = [ dk €™ <L lo(s)10>
(2.16)

Elp(s)l0y = “Mp(k|s)

p(k | 5) will be computed in terms of a mass operator ﬁ(k | 5), defined as
S(k|s)y=pg (k|s)— b '(k|5)
(2.17)
Bo '(k|s)y=s+k*/2

Sk | s) is the main object of our analysis. One has

s B
dses’{s + 5 - 2(kis) (2.18)

ctioo

Slacoloy = fa £ ")d = [
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On the other hand, the expression for the original (R|7(B)[0) is
BYRIF(B)I0)

27 Je— i

(277) ; [dke sl Hiwdsesﬁ{sﬁ—%z—f(kls)yl (2.19)

where
S(k|sy=+3(kVB [sB) (2.20)

The quantity S(k | 5) will be 8 dependent when there has been thermal
averaging of the phonons. It is independent of 8 for ground-state problems
and for the Gaussian random potential problem (a zero-frequency phonon
problem).

The main point is best illustrated by writing down the coherent
potential approximation, which is the simplest nontrivial approximation. In
Section 5 we will derive the expression

< k+k) L
E(kls)=ffdk1d0‘1 s+ aw(k)) + (—T‘i —2(k + ky|s)
X W(k,|ay) ‘ (2.21)
From this it follows that
S(kls)y= (1= e ") [k, [ (ky)
(k+k)? B
X<|s+ 5 = S(k+ ky|5) + wy(ky)

(k + k)’

-1
+ePlbl s+ o — Sk ky5) - wo(kl)} }

(2.22)

In this last expression, everything is explicitly expressed in terms of the
parameters of the original action 4’(8). We see that the 8 dependence of
S(k | ) comes from the thermal weights. The techniques to be employed in
later sections, viz., integration by parts and introduction of suitable generat-
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ing functions, can be used with A’(8) when there are no thermal weight-
ing factors. It is not necessary to scale to the thermal length. On the
other hand, these techniques run into difficulties when A’( ) involves
B-dependent thermal weights. This is the reason for first scaling to 4(1),
where 8 occurs as a parameter. Then ¢ is introduced as a “time” evolution
generator and the techniques apply.

3. CONSTRUCTION OF THE FUNCTION EQUATIONS

3.1. Gaussian Random Potential Action

We start with the simplest case, i.e., the time-dependent action that
results when the potential acting on a particle is averaged over a Gaussian
distribution. For this case Eq. (2.7) can be rewritten as

T u
A(T) = [ [dzdy, (2 —y,)fo dufo dw 8 (x (1) — 2)8(x(w) — y)) (3.1)
Integration by parts on the time variable allows one to write

( ) 4w

GIB(T) = o TS = [[“Dpx [t~ (32)

Now,
dA4 (t)

= [ [dzdy, W(z = y)3(x(t) = 2) [ '8(x (1) = ) (33)
Hence, we have

GIBT) = b TS = [ el [ [ dzdyy Klpo(T = |2 W(z = 1)

z t
XJ;ID,xfOS(x(u) — yy)due® (3.4)
Next, add a term
T

A, (TY= {dzJ ) — z)di 3.5
s(T) = [ded(2) | "(x(u) = 2) (35

to the action, and denote the resulting integral as
<§|i(T)|§'>=f§f"DTxexp[A(T)+AJ(T)] (3.6)

I (T) réduces to p(T) when J = 0.
One can generate the path integral in Eq. (3.4), representing a correla-
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tion function, by taking the functional derivative

8 2 )
Ty O

The price that must be paid is the additional term

04, (1) A+4,(0)
—e
9t

This leads simply to a contribution J (z)(z]f 8.
Putting these clements together, we have the functional equation

GI(TY = po(THE

=fdzJ(z)a(x(z) — z)et AW (3.7)

= [ <stuT = 01| [ =0 g7l + ) <Al ol
(3.8)

As was mentioned in the Introduction, for the Gaussian case we have
used the standard generating function, and the results are well known.(!7-'9
We may take Laplace transforms. Then

SH(s) = po(HIS
= [ S0 | [ Wz =) g7 s el 09
A more transparent form is
Sl 10 =18 =| [ W& =) gz 1) sl

(3.10)
Here
GNEH=68(5-¢) : (3.11)
Let us recall that the mass operator is introduced by the definition

G (TY = bo(THE
=ffdx1dx2fordt<§|f)o(T— Hlx )

rt & - ,
X)o dty (x| 2,(8 = 1)< T (8)|87 (3-12)
Here py(T) is the free particle density matrix

B THIE> = @7T) ™ exp[ —(§ = §')*/2T] (3.13)
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The convolution form in time implies simple products for the Laplace
transforms. Using matrix notation,

Elog ' ($)1(s) = 15> = GIZH ()L (3.14)
S (s) = po(9)IE7 = S loo(8)Z4(5) ()T (3.15)

Thus the J-dependent mass operator is
2(5) =05 '(5) = 17'(5) (3.16)

At J =0, ¥, is simply 2. Then

8f
(.yl) j=0

<§|2(S)P(S)l§’>=fdy1 W =)l 57 Ik (317

3.2. Phonon Problems

We now derive the functional equations for the more complicated
actions that occur when phonons have been eliminated, and where there is
explicit time dependence. We start with the simplest ground-state polaron
case, and then proceed to the thermal problems, emphasizing only the new
points that arise.

Express the action of Eq. (2.9) at zero temperature for the phonons as

A(T) = %fOTfOTW[x(u) — x(u) e M dudw (3.18)

Reexpress this as

A1) =ffdz dy, W(z —yl)fotduj(;ue"“’(“ﬁ"/)S(x(u) —2)8(x(w) — z)du’

(3.19)
Now
dA4 ! ,
agt) =ffdzdy1 W(z = p)8(x(t) — Z)er'“’(’”)ﬁ(xw’) —yl)du/}
(3.20)

A useful generator can be introduced in at least two different ways.
One is

A,(T) =fdzJ(z)U0Tew<T—">3(x(u) - z)du} (3.21)
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Then
04 (2) 5
TeA-FAJ(’) =ffdzdyl Wz~ y)8(x(t)— z) T ed* 4 (322)
The price that must be paid involves
34, (1) C :
n =fdz§(x(t) —z)— wfdle(yl)[fo e U8 (x (u) ~y,)du}
(3.23)
In the last term we insert a “stop™ at time ¢, viz.,
1 =fdza(x(t) ~ 2) (3.24)
3Iie”’“’f=fd;:6(x(t)——z) J(z)—wfdy J(») L PRI
T, A8 ()
(3.25)

We now have all the ingredients of the functional equation. The Laplace
transform is

oo ()1 (s) = 1T
- {J(f) + dyl{W(f “Nw65 " YN TG H<§ll(s)i§’>

(3.26)

The generalization to the thermally averaged polaron is immediate. The
action is Eq. (2.9). Add the generating action

A;(T) =ffdz doaJ(z| a)fOTe_"“"[T’“']S(x(u’) —z)du'  (3.27)
We find
oo T = 1187

= [d {J(§|a1)+fdyl[W“"y'WgyT)

—wwl (e g7 | e

(3.28)
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Finally the general thermal phonon action is given in Eq. (2.12). The
generating action is

A, (T) =fdkdz da [LTe““‘”(k)(T““)S(x(u) ~ z) du}J(k]z}a) (3.29)
We then have the functional equation
$log M =105
= [a) )8~ el

b [0 [W(ky | ae 670 — s (1] 5jﬁ(l—)<§|1|§'> (3.30)
We use the notation
w; = w(ky), J(1)=J(k,|y1]a,) (3.31)

8 )

= 332

(1)~ Sl )

In later sections the utility of these functional equations will be
examined.

4. GAUSSIAN RANDOM POTENTIAL

Let us start the discussion with the time-independent Gaussian noise
problem governed by the functional equation (3.10). Take functional deriv-
atives and then set J = 0. Define the correlation functions

1 [ = ] e )
e s Vnls =
oo l?) T - ()

£ 4.1

0

One then finds a standard chain of equations for the M operators;
note that I(s) at J = 0 is p(s):

Slog T =187 = [y W(E = y)EIM () (42)

Klog M(IE> = GlolEO8(E = &) + [dr W(E = y)IM O 1)K
(4.3)

log "My y)8D = M (IS8 = $) + KM (p)IEH8(y, = §)
+ A WE =y )& IMOny2 9 (44

There is an obvious sequence of approximations, the most primitive
being to neglect M(y, y,|s) entirely. Then

M (y)IED = lpol yi><Xplpl (43)
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W=

GREKD —

$ Gy

Fig. 1.

This is automatically of a form to yield a result for the mass operator.
Inserting this result into Eq. (4.2)

oo o= 1187 =fdy1 W(§ =y ol yio<pilpl§"> (4.6)
CIZE > = W(§ = §)Epo()IE (4.7)

This may be pictured as shown in Fig. 1.

In the next approximation we neglect M(y,, ¥, y5). This leads to
errors in the W3 term of the mass operator expansion. Eliminating
M(y, y,) gives a self-contained linear operator equation for M(y)).

g My = LLplEH8(y — &)
+ fd)’z W(§ = y2)<Slpol yor{yal M (¥1)IS7>

+ [dr W =)ol MO (48)

Replacing M(y,) by its lowest-order (W?°) value yields the W? accurate
value of 2:

GIEERD = WE =Kot + [ [dndys ...
X{WE=YWWn =)+ WE =)W (y =)}

X ool yi><yilpol y22<{ yalool§ > (4.9)

The W? terms of £ may be pictured as shown in Fig. 2. There is a
second-order diagram that occurs in the direct expansion of the path
integral expression for p in powers of the action (Fig. 3). This is suppressed
(together with iterates), by going to the mass operator expansion.

w(E—-1{)
Wiy —1{)
+
W(y, _)’2)( ]
¢ Y1 Y2 ¢ ¢ Wi Y2 '
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W~y W(y,—¢")

¢ b4 Y2 ¢’

Fig. 3.

The integral equation for M(y,|s) is complicated. The complete
solution is equivalent to including classes of higher-order diagrams in the
expression for 2. However, one observation is in order. The two terms on
the right-hand side of Eq. (4.8) have distinct structures. This makes it
possible to do something beyond straightforward iteration. Take the Fou-
rier transform

CKIM ()7 = [ M(rle> & (4.10)
B ()18 By = e plolsy + [e g [dyy W(E = 22)<Elpol 0>
X nM(y)§7 (4.11)
Here
Rky=pq'(k|s) — f dle, W(k — ky)po(ky | ) (4.12)
It is now possible to make a revised expansion. In lowest order
I = W(E = HFE =) (413)
with
_ 1 (e ™dk
F(s) = Gy | i (4.14)

The “screening” of M(y,) by &(k) is associated with the first diagram
of Fig. 2. However, this type of diagram does not occur when the mass
operator is expressed in terms of exact propagators p(s). This will be done
in the next section. The expression in terms of exact propagators is both
logically simpler and more accurate.

4.1. Bare Propagator Expansions for Phonon Problems

We now study the optical phonon problems using the functional
equation (3.26). We use the notation

M(L2, ... [s)= My yyey]s)
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for the functional derivatives at J = 0. The hierarchy is
(log ' =1 = [A WS = nla) MDD (415)
105 "(5) + ] M (L[985S = p)
+fd(2) WS =y | an)EIM(1,2])|¢7 (4.16)
El[p71(5) + (@ + ag)w | M(1,2]5)[E
=8(8 = y)EIM2]9)IE7> + 8(§ = y)EIM(1] )87
+ [d@ W = rsla)EIM1,23] )8 (4.17)
The new point is the appearance of phonon-modified propagators
P (5) + (o + ap)w = py (s + (a; + ay)w) (4.18)
Equation (4.16) may be rewritten as
M s)[$7
= lpo(s + @)y nle()HIE
+ [d@) [Klools + @)z dz W(z = pa)z M(L2]5)> (419)
Equation (4.17) is
CEIM(L2[9)I87) = (Llpo(s + (e + a)@) y )M (2)[§7) + 122
+ [d(3) [dz Elpofs + (o1 + ) 2>
X W(z — y3){z|M(1,2,3]5)|{ (4.20)

From this point we proceed just as in the Gaussian random case. To
order W the mass operator is

QIS = [day W(E = ¢ Ja)Eloo(s + aw)l$>  (421)

which may be pictured as shown in Fig. 4. The second-order correction
may be read off from the diagrams in Fig. 5. The electron propagator
between two points depends on the number of phonon lines above it.

WE—<)

E O Gpols + ey Y

Fig. 4.
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W =)

Wy —y2la)

Clools + @@ 3> ' (nilpols + apwaz)lys *2 (palols + a)lty ¢

Wiy, —§ )

W=y le)

$ 0 Llpols + @)y V1 nlpols + aye + )] 720 72 ilools + a)ley ¢
Fig. 5.

In the approximation that neglects M (123), we eliminate M (12) to find
an equation for M(1]s). Itis

Koo (s + @M (DK = [d@Q)W(E = 1) o)
X L po(s + @y + )| )y M(DIE7
= GloD8E =y + [dQ)W(E -yl )
X (Elpo(s + ayw + ay0) y < M(2)I$ (4.22)

In taking the Fourier transform we encounter
A(k la) =5+ a0+ k; *fi'(kl()ls + a0+ aw)da,  (4.23)
Here
F(kly, = yals + a0 + ay0)

= [dEeSW (& + yi =yl ) Elpo(s + oo+ a)|0)  (424)

The equation for M(1) is

kM (L)IE DAk | o)

= e yilp()IE

+fda2dy2F~(kly1 — pls + qw + aw)e® Iy M) (4.25).

Thus we can again make a W expansion with screened propagators.
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Finally we study the general finite temperature action (3.30). The
equations of the hierarchy at J = 0 are

(Slog o — 1187 =fd(1) Wk, a)e™ S IMDIE  (426)
g (5) + e [M(DIED = Klp()IEH8(E = 1)
+ [d@) (ks | @g)e ™ (CIM(1,2)]87
(4.27)
([ pe () + agop + agwr |M(1,2)[87)
=8 — )&M)+ 1212

+fd(3) W(ky|az)e™ I M(1,2,3)8>  (4.28)

Everything proceeds as in earlier cases. In lowest order

I = [k W )6 g 00

(4.29)

5. MASS OPERATORS AND EXACT PROPAGATORS

In the present section we analyze the mass operator =(s) when it is
expressed in terms of exact propagators p(s). This then implies that a
difficult nonlinear self-consistency problem is encountered. However, there
is a gain both in logical simplicity and in accuracy. The lowest approxima-
tion is a simple coherent potential approximation applicable to the finite
temperature case. Once one has a functional equation for /(s) one can set
in motion the machinery developed by Dyson, Feynman, and Schwinger.
The first step is to find a functional equation for Z,.

5.1. Gaussian Random Potential

We multiply Eq. (3.10) by 7 ' on the right-hand side and use X,
= py ' — I~! to obtain

]
GIRED = [y W(E = )8 575 1O+ SEORE =) (51

Now

) N
e (I =0 (5.2)
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implies
6l ~1 82,
I17'=1] 5.3
SO0’ T ) &9
So we have the functional equation for 2,
QIR =TEBE = &)+ [dy W~ y1><s“116,( K (54)

It involves the exact propagator 7, rather than p(s). Next, we want to
take functional derivatives to form a hierarchy. Note that we repeatedly use

ol _ 8%,

S0y !

Define

8 J
q)(yl) = 1&](},1) (5‘5)

We will frequently write J(1) for J(y,), ®(1) for ®(y,), etc. Taking
functional derivatives and setting J = 0 yields the hierarchy

CIZAE> =T ($) (5 -8 +fdy1 W(E—y)XElemiss  (5.6)
EIen)IE>
39(2)

= U =30 + [ LW = el 6
(57)
G122 e IS (S — )
7 (1) 2

+ffdzdy1<§lq)(l)”z>W(z —)<E 8-’((1)) @

+ [dz 5111z [dy Wz = y)<el m)—(sj% 5 (58)

Note that we have interchanged 1 and 2 in the last equation, to
prepare for insertion in the previous equation.
The crudest approximation is to neglect §®(2)| 8J(1). Then since I at
J =01is p(s)
GIZIED = W= )&l (5.9)

which is pictured as shown in Fig. 6.
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wE-4$)

§ G lo()IE" ¢

Fig. 6.

In the next approximation we replace §®(2)/8J(1) by its value at
W = 0. This leads to a linear equation for ®(1)

EIRME = Il D — y1)
+ [d= ol Wz = i@ty (5.10)

If we replace ®(1) by its zeroth-order value in the second term we get 2 to
accuracy W2 Relabeling the dummy variables, we find (at J = 0)

IS = W (= ) elE>
+ffd)’ld)’2 W =y )Wy — f/)<§|P|)’1><}’1|P|)’2><)’2‘P’§'>
‘ (5.11)

The second term may be pictured as shown in Fig. 7. When we use exact
propagators, only the completely linked second-order diagram occurs. This
observation was made long ago by Edwards.('®

The solution of the equation for ®(1) corresponds to including an
infinite number of additional graphs. The result of 2 is still in error in the
W3 term. The integral equation can be solved exactly for the case of
one-dimensional white noise, when W(x) = Ad(x). We find

2 L, Is(k)
g = SIaE =y + A (e 23 gk (5.2
Slernl <§Ipl§>[ =+ f i | G

win—1§)

w( - }’2)

¢ loly I Gl 2 Gaeley L F

Fig. 7.
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with
R(k) =fdzeikz<z|p|0><0|p|z> (5.13)
Then
CIZIED = AEP(EHIED
= >\<§Ip|§'>[6(§ -+ %‘;[eikl(g‘f')l—f%f()k—l)dkl (5.14)
and finally

Rk

E(kls) A{L0p|0> +
I —AR (kl)

Bk + ky|sydk,  (5.15)

5.2. Ground-State Polaron Mass Operator

We turn next to the ground-state polaron problem, where the func-
tional equation for I(s) is Eq. (3.26). This leads to the equation for X,:

83,
GRS + 0 [y ST () 5705 18

=JEWE =)+ [ W(E =GRS (516)

Again O(y)) = I8Z,| 8 (y)).
The equation for ®(y,) is now modified in an interesting way. We
introduce

O(sle)y=[w+17'(s)] " (5.17)
AtJ =0, 0 0,
Qo(s|w) =[po (s + @) — ()] (5.18)
Now rewrite the equation for ®(1) as

EIR(y)IED =L Q(s{@)§D(y — )

[, s 10 |0l W = el g 6

o[ (1 0(s10) () J((2)) 1§ (5.19)
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Wi —-¢)

§ &1 Qs | ¢

Fig. 8.

To lowest order in W, and going to the limit J =0

2 14 =W — 4 l ! 520
W= WE =8 s Sk 620

This may be pictured as shown in Fig. 8. The electron propagator is
modified by the phonon line above it.

The next equation is for §®(1)/8J(2). After some algebraic manipula-
tion, one finds

s(1)
<§][1+wQ(s|w)] 8](2) [$>
- @125 o0 - )
o [ 11 G oW = e g 1)

+ [ e 510Gl W (= = el g S(Jzz) 1

— o [dy 8]

80 (s|w) "o(1)

(5.21)

We will need this at J = 0. In addition we drop the term 8°®(s)/8J(1)
8J(2). First we require an expression for 8Q(s | w)/8J(2). From

5508 (2) [007']= (5.22)

sj(Qz) QaJ((z)) 0 =2(2) Q(s|w) (5.23)
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Hence, at J = 0, the first three hierarchy equations are
QI = [dny W (E =y (524)
[E12(1)IE7 = & Qo(s 1S >8(py — )

S®(2
[ [, 51 Qusl 9]0 WEz =) g (529)

<l 61((2)) = &l g PO Q88 =)
X [ [ 51 s 20>
XW(z =yl 8J((1))| > 5.26

If 8@(1)/8J(2) is replaced by its value at W =0, there is a self-
contained equation for ®(1):

CIOMIEY = QIS —§)

+ [dz 5101wz — ¢ el 7
The W? correction to = is
IS = W(E = ) Qs @)8

+ [ [andn W =y W = )< Qs 1) 30>

X il Qol(s l 2‘0)|)’2><)’2‘ Qo(s | w)1§’> (5.28)

with Q4 '(s| nw) = pg '(s + nw) — 2(s). The expression for Z(s) may be
pictured as in Fig. 9. We have the rule that the propagator between two
points is Qq(s | nw) if there are » lines above the propagator.

There is an exact solution to the equation for ®(1) for the case of a
one-dimensional polaron with W(x) = Ad(x). We set down the final result

5 22l (5:27)

W~ ) ]
W - ¢ Wy - )

$ asle) 8 ol N osl2e) T ogsle)

Fig. 9.
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for E(k|s). Ttis

S . 1
*kals) =2 pg (s + @) — Z(s) 107

+ﬁf dk, R(k,|s)
2 [s+w+(k+k,)2/2—§~l(k+k1|s)]1—}\1$(k1's)
(5.29)
Here
. ~ dk,
R(k‘ls)_f[s+2w+k§/2~i(k2|s)}
1 (5.30)

8 [s+ @+ (ki + k)’ /2= S(k + Ky | 5) ]

This is of course accurate to order A% But there is now a formidable
self-consistency problem, particularly since the mass operator is dependent
on the wave vector k.

We now consider the finite temperature polaron problem. The preced-
ing results can be taken over directly if we interpret J(1)=J(y,|a)),
{d(1) = [[dy,da,. The equation for X, is

GIZ8 + wfd(l)(x‘<§|IJ(1) 02,

37 (1)
= 8(¢ = &) [d)T (V)8 - §)
+ [dyW(E =y |a)E (531)

AtJ =0
] Qogl(s|0‘1‘°)"p(l)|§/> =8({ - ‘{”)8()}1 —{
< [0~ rl )l g > 632
The simplest coherent potential approximation is

IS8 = [do W(E = Ta) | Qulsl a8 (533)

The second-order correction to the mass operator involves the propagators
Qo(s | ), Quls| ajw + ayw), Qs | a,w), with integrations over a; and a.

Again only a slight change of notation to treat the general finite
temperature phonon problem. Let J(1) = J(k ||y |a;), o =w(k)), d(1)
= dk,dy,da,, etc. Then we only have to replace

WIE = pi| a) = W(k | e
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Thus
QIR + [y oS () g5 2/
= [d()IMBE =13~ )
+ [d(1) W (k| )™ E@(DIC (5.34)
The equation for ®(1) = 8, /8J (k,| y|a,) is
G127\ (sl o) @D = 30y, = £)8(" = 1)

+fd(2) W(kzl az)e'kz(K",vz)<§] 5_]((1)) 15
(1)
- f 4(2) xS (2) 55737 B K> (5395
0 ~'(s] e = I7'(5) + aree(ky) (5.36)

The lowest approximation at J =0 is
G = [y W (k] ag)e 8] Qs ||t (5:37)
To proceed to higher approximations use

3! 8 o
) (s @) = — i ®(2) (5.38)

O~ (s] oy + apwy) = Iy (s + aywy + apw,) = Zy(s)  (5.39)
At J = 0 this leads to

100 (5] gy + ) 6]((2)) 1$7

= & (HRR)S(HIE"

+ f d(3) W(3)e™ =9 (¢ 51“(2—)(%5 1§ (5.40)

Neglecting 82®(3)/8J(2)8J(1) we have an equation for ®(1)
190 '(s] @IS
=8y — P -¥)
+jd(2) W (k| ay)e™ (L] Qo(s] ey, + aywp)l ~'B(HB2)IE"
(5.41)
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This concludes our discussion of generalized coherent potential ap-
proximation, i.e., approximations to the mass operator in terms of exact
propagators, so that one has self-consistent type equations for the determi-
nation of 3(k|s).

6. A SECOND TYPE OF GENERATING ACTION

We return to the ground-state polaron action and show that a different
functional equation can be derived. Introduce the generating functional

BK(T)=fde(z)[fOTdu8(x(u)—z)e‘“"du (6.1
This differs from the previous 4,(T) by a factor e ~“7. We find
GI(T) = b THIE |
= [z [ Koo T = )2

X

fdyl Wz —y)e 6](6))1) +K(z)e‘*”}<z[f(t)|§’> (6.2)

Taking the Laplace trgnsform
Klog '($)1(s) = 17> = [ dy, W[‘"“y‘)ﬁ?‘yﬁ (s + )¢
+ K@) (s —@)lE (6.3)

While the equation has a simpler dependence on the functional deriva-
tive, it is a difference equation in the s variable. The bare propagator theory
is even simpler than with the A, generator. Thus the second equation of the
hierarchy is, at K =0

. 8l (s + w) ) 5 / ,
leo (S+w)m—|§>— = y)H)IED

8% (s + w) ”
K)ok

(6.4)

x [dnw(s =y

and we easily obtain our earlier results.
The functional equation for =, which leads to dressed propagator
expansions, however, appears to be less convenient. We use

81(s + w) 02 (s + w)

w —W I(S + (4)) (65)
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to derive
CIZg(s) - L()IE> = K(HEH (s + w)I§

k(s + )

0 + w
+fW(§—~y1)I(s +w)——8—K—z—;—l)—— A(s + w)|{D

(6.6)

We have found the =, functional equation to be easier to work with.

7. CONCLUSIONS

Our starting point has been the path integral for the density matrix
that results when the phonon degrees of freedom are exactly eliminated.
The aim is to provide approximations for the mass operator in terms of
exact propagators. We do this by adding special generating functionals to
the action and then constructing functional derivative equations.

It is possible to extend the procedure to compute averages of products
of density matrices and also time—temperature Green’s functions. This
makes contact with the important work of Kadanoff, Langreth, and Rev-
zen®? on the transport properties of polarons.

A word of caution is in order. The field theory description presented
here does not treat deep traps properly. For the Gaussian random potential
problem the Laplace transform of the density matrix does not exist. If the
covariance function W(x) is a constant W,,, the density matrix p( ) has a
term exp(W,82/2). If W(x) has a Taylor series expansion in x?, there is a
term proportional to B83/2. It would be desirable to have a theory that
includes these asymptotic features as well as being in terms of exact
propagators. One way to do this is to base the formalism on a quadratic
trial action rather than on a free particle action. This extension will be
discussed elsewhere.

For electron—-phonon problems, there is no difficulty with the Laplace
transforms. However, the exact propagator approach does not treat the
strong-coupling (Pekar) limit of the polaron in a satisfactory manner.
Again, a possible way to handle this is to use a quadratic trial action as the
starting point. In this way one can embed the Feynman polaron theory in a
systematic field theory approach.
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